The effect of finite boundaries on the motion of particles in non-Newtonian fluids - 1 by Caswell, B.
i / 
I 
THE EFFECT OF FINITE BOUNDARIES 
ON THE MOTION OF PARTICLES IN NON-NEWTONIAN FLUIDS - I 
$- 
CSFTI PRICE(S1 $ 




ff 653 July 65 
I 
1 Bruce Caswell 
Divis ion of Engineering 
and Center for  Fluid Dynamics 
BROWN UNIVERSITY 




1. In t roduc t ion  
The effect of 
p a r t i c l e  moving i n  a 
t h e  v e l o c i t y  (Em ,Ew 
1 
con ta ine r  boundaries on t h e  Stokes r e s i s t a n c e  of a 
v i s c o e l a s t i c  f l u i d  has been found as a c o r r e c t i o n  t o  
i n  an i n f i n i t e  r eg ion ,  and is given by 
Here 5 and 
t h e  p a r t i c l e  under t h e  in f luence  of an o u t s i d e  force -F and o u t s i d e  torque  
-L when loca ted  a t  a d i s t ance  R from a boundary whose wall-effect t e n s o r  
(Brenner C1964al)is k. 
t i v e  r e l a t i o n  t h e  v e l o c i t i e s  (Em,nJ 
an unbounded domain under t h e  inf luence  of t h e  same force and to rque  are 
given by non-l inear  equat ions  




Because -of t h e  non- l inea r i ty  of t h e  f l u i d ' s  cons t i t u -  
wi th  which t h e  particle would move i n  
- - -- -- 
- u, = u,(F,L) , ir, = r m ( ~ , ~ )  . (1 .2)  
Hence, i n  gene ra l ,  it is  not poss ib le  t o  convenient ly  express  t h e  w a l l  effect 
as a force co r rec t ion  formula. 
r ende r s  t h e  inve r s ion  of (1.1) a t r i v i a l  c a l c u l a t i o n ,  and i n  fact  Brenner C1964al 
first obta ined  t h i s  formula by invers ion  of h i s  force c o r r e c t i o n  formula v a l i d  
fo r  Newtonian f l u i d s  only. 
for  t h e  v a l i d i t y  of (1.1) is t h a t  it must desc r ibe  an i s o t r o p i c  f l u i d  which 
has  a lower Newtonian regime with zero-shear v i s c o s i t y  p 
I n  t h e  Newtonian case t h e  l i n e a r i t y  of (1.2) 
The only r e s t r i c t i o n  on t h e  c o n s t i t u t i v e  equat ion 
. 
0 
When t h e  o u t e r  boundary possesses  a high degree o f  symmetry t h e  e r r o r  
-3  estimate i n  (1.1) is reduced t o  O(k 1. Severa l  cases of experimental  i n t e r e s t  
2 
f a l l  i n t o  t h i s  category. 
g iven ,  and from t h e s e  t h e  r o t a t i o n a l  s t a b i l i t y  of sed iment ing  p a r t i c l e s  can 
E x p l i c i t  formulae f o r  t h e  terms of O(k-2) are 
be deduced. 
s t a b l e  o r i e n t a t i o n  for a d i sk  sed inen t ing  i n  a c i r c u l a r  c y l i n d e r .  
also p o s s i b l e  t o  exp la in  t h e  radial migra t ion ,  observed by Tanner (19641, . 
for sphe res  f a l l i n g  a long  t h e  a x i s  of a tube  f i l l e d  wi th  a polymer s o l u t i o n .  
I n  p a r t i c u l a r ,  it i s  shown why t h e  edgewise p o s i t i o n  is t h e  
I t  is 
2. C o n s t i t u t i v e  Re la t ions  
The a n a l y s i s  given below is based on t h e  c o n s t i t u t i v e  r e l a t i o n  of 
P incompress ib le  Rivlin-Ericksen (1955) f l u i d s ' w h i c h  is g iven  by 
.- - 
where p is t h e  scalar p res su re  and f is an i s o t r o p i c  t e n s o r  func t ion  of t h e  
Rivlin-Ericksen t e n s o r s  
rate of s t r a i n  t e n s o r ,  and t h e  h igher  o r d e r  t e n s o r s  are cons t ruc t ed  from t h e  
r ecu r rence  r e l a t i o n  
(L = 1,. . . ,N)* The t e n s o r  i(') is twice t h e  
The c o r o t a t i o n a l  t ime d e r i v a t i v e  which appears  i n  (2.2) can 
o p e r a t o r  of t h e  form 
where D/Dt is  
1 slow motions 
t h e  material de i%ivat ive  and E t h e  v o r t i c i t y .  
it can be  shown t h a t  f can be approxirriated by 
- 
1 
I These motions are slow i n  t h o  v i s c o e l a s t i c  s ense ,  bu t  are 
l o w  Reynolds number flows. 
be w r i t t e n  as an 
(2.3) 
For s u f f i c i e n t l y  
multinomials. i n  
n o t  n e c e s s a r i l y  
- 
\ f  
/’ 
. 
. .  
3 
t h e  i(N). ‘After appropr i a t e  reduct ion such multi.nomia1 e 
ordered  as fo l lows:  
ii i -1 = ( 2.) =(1))2 -. = T t alA t a2(A 
:pansions can be 
1st o r d e r  (Newtonian), (2.4) 
2nd o r d e r ,  (2.5) 
(2.6) 
etc., 
where uo, t h e  a ’s  and t h e  B‘s a r e  m a t e r i a l  cons tan ts .  
approximations were f i r s t  obtained by Langlois  and R iv l in  F19591 d i r e c t l y  
from (2.1);  l a te r  Coleman and No11 C19613 were a b l e  t o  d e r i v e  t h e  same 
equat ions  from t h e i r  theory  of simple f l u i d s .  
Tnese slow flow 
In order t o  s u b s t a n t i a t e  t h e  g e n e r a l i t y  claimed f o r  t h e  p r i n c i p l e  
r e s u l t  (1.1) w e  examine t h e  pos i t ion  of t h e  ?Rivlin-Erickseil theory  wi th in  
t h e  framework o f  more genera l  t h e o r i e s .  
shown by Green and Riv l in  C19601 t h a t  t h e i r  gene ra l  c o n s t i t u t i v e  equetTon 
I n  t h e  first p lace  it has  been 
o f  t h e  memory type  reduces t o  (2.1) i n  well-behaved s t eady  flows. Secondly,  
it has  a l r eady  been mentioned above t h a t  t h e  slow f low approximations (2 .4) ,  
(2.51, and (2 .6 )  can be der ived  from t h e  s t i l l  more gene ra l  theory  of s imple 
f l u i d s .  
given below it can be shown ( s e e  the  Appendix) t h a t  many o f  t h e  s p e c i a l  
t h e o r i e s  c u r r e n r l y  i n  vogue reduce t o  t h e  same se t  of governing equat ions .  
L a s t l y ,  w i th in  t h e  framework of t h e  p e r t u r b a t i o n  a n a l y s i s  t o  be 
The Rivlin-Ericksen t h e o r y  appears t o  g ive  an adequate d e s c r i p t i o n  of 
t h e  stresses i n  real f l u i d s  undergoinf; slow flows,  bu t  it is c l e a r l y  a t  odds 
I 
4 
with  experiment when t h e  same f l u i d s  undergo c e r t a i n  o t h e r  motions. 
Therefore,  it i s  d e s i r a b l e  t o  c l a s s i f y  t h e  flow which t h e  rea l  f l u i d  is 
undergoing, This  seeins p r e f e r a b l e  t o  t h e  p r a c t i c e  o f  many a u t h o r s  who t r y  
t o  c l a s s i f y  t h e  f l u i d  accord ing  t o  t h e  c o n s t i t u t i v e  r e l a t i o n .  
d e a l s  on ly  wi th  Nth o r d e r  v i s c o e l a s t i c  flows. 
given by t h e  Nth approximation t o  (2.11, 
T h i s  paper  
In  such flows t h e  stress is 
Hence (2.6) is  t h e  stress r e l a t i o n  
for a t h i r d  o r d e r  v i s c o e l a s t i c  flow, -The j u s t i f i c a t i o n  f o r  t h e  assumption 
of Nth o r d e r  flow depends upon the  r e l a t i v e  magnitudes of c h a r a c t e r i s t i c  
times fo r  t h e  flow and t h e  f l u i d .  Th i s  is c l o s e l y  analogous t o  t h e  assump- 
t i o n  o f  i s o c h o r i c  flow of a compressible f l u i d  which is j u s t i f i e d  when t h e  
c h a r a c t e r i s t i c  v e l o c i t y  of t h e  flow is small cornpared t o  t h a t  o f  t h e  f l .utd.  
3. The Governing Equations 
I n  v i s c o e l a s t i c ‘ f l o w  the neg lec t  of i n e r t i a  does n o t  l e a d  t o  a l i n e a r  
problem as i n  t h e  Newtonian case, However, t h e  form o f  t h e  slow f low app,mxi- 
mations sugges t s  t h e  ex i s t ence  of v e l o c i t y  and p r e s s u r e  expansions of t h e  
form 
I -  - - v = v  1 2  t v  t v 3 +  ... , 
p = p1 -t p2 t p3 t ... . 
(3.1) 
( 3 . 2 )  
The f i e l d s  vl,pl are made t o  s a t i s f y  t h e  l i n e a r  S tokes  equa t ions ,  and t h e  
h i g h e r  o r d e r  f i e l d s  vi,pi ( i  > 1) t hen  s a t i s f y  inhomogeneous Stokes equat ions .  
Usually a v i s c o e l a s t i c  pe r tu rba t ion  parameter,  s ay  X (see Caswell and 
Schwarz [1962]), is introducecl by u s e  o f  dimensional arguments. 
a n a l y s i s  it is  no t  necessary t o  e x h i b i t  t h e  p e r t u r b a t i o n  parameter e x p l i c i t l y ;  
however, it is useful t o  bea r  i n  mind t h a t  t h e  f i e l d s  
I n  t h i s  
p are 0(Xi-’). i’ i 
! 
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In  most boundary va lue  problems t h e  pe r tu rba t ion  scheme (3.1)-(3.2) 
r a p i d l y  becomes complicated,  and a c t u a l  c a l c u l a t i o n s  have n e a r l y  always been 
te rmina ted  a t  t h e  t h i r d  term. The r e s u l t s  o f  such c a l c u l a t i o n s  i n d i c a t e  a t  
most t h e  i n i t i a l  dev ia t ion  from Newtonian behavior ,  and are v a l i d  for real  
materials over  a r a t h e r  narrow range o f  experimental  condi t ions .  However, 
t h e  a n a l y s i s  for t h e  wall effect  does n o t  r e q u i r e  t h e  f i e l d s  v p t o  be i’ i 
so lved  for i n  complete d e t a i l ;  hence as many terms as may be needed can be 
included i n  (3.1) and (3.2) .  
t h e  v i s c o e l a s t i c  f l u i d  is undergoing Nth o r d e r  flow, and t h a t  t h e  r e g u l a r  
Thus t h e  a n a l y s i s  r e s t s  on t h e  assumption t h a t  
expansions (3.1) and (3.2) e x i s t .  
The inhomogeneous Stokes equat ions governing t h e  f i e l d s  y p i’ i can be 
w r i t t e n  i n  t h e  form 
- 
where f is c a l l e d  t h e  inhomogeneous stress t enso r .  
mations (2.41, (2 .5)  and (2.6) t h e  first few 
From t h e  stress approxi- i 
can be w r i t t e n  do.r:n, i 
= ( 1 )  = ( 2 )  
The n o t a t i o n  X(’)(i), i ( 2 ) ( i , j )  e tc .  i n d i c a t e s  A , A etc.  are t o  be 
eva lua ted  with t h e  f i e l d s  Vi, v. and so on. I 
6 
It is  usua l  i n  p e r t u r b a t i o n  c a l c u l a t i o n s  of t h i s  k ind  t o  r e q u i r e  t h e  
first term i n  t h e  v e l o c i t y  expansion t o  s a t i s f y  t h e  boundary cond i t ions  
exac t ly .  
t h e  boundary stresses a s s o c i a t e d  with t h e s e  f i e l d s  do n 6 t  vanish.  
t h e s e  terms w i l l  g ene ra t e  c o r r e c t i o n s  t o  t h e  f o r c e s  and to rques  a c t i n g  on 
t h e  boundary. Such p e r t u r b a t i o n  schemes w i l l  be  c a l l e d  f o r c e  ( o r ' t o r q u e )  
The h ighe r  o r d e r  terms m u s t  then vanish  on t h e  boundary; however, 
Hence 
p e r t u r b a t i o n s .  I n  t h i s  work t h e  inve r se  of f o r c e  p e r t u r b a t i o n s ,  c a l l e d  
v e l o c i t y  p e r t u r b a t i o n s ,  w i l l  be used throughout. 
L e t  S be t h e  su r face  o f  a r i g i d  body which moves wi th  v e l o c i t y  1 - -- 
U + Rxr  r e l a t i v e  t o  an o u t e r  boundary or con ta ine r  whose s u r f a c e  is S 
t h e  f l u i d  contained i n  t h e  r eg ion  between S 
for v e l o c i t y  p e r t u r b a t i o n s  a r e  t o  be s a t i s f i e d  as fo l lows  
F o r  2' 
and S2 t h e  boundary cond i t ions  1 
The v e l o c i t y  p e r t u r b a t i o n s  f and 2. on S are determined by 
to rque  cond i t ions  given by . 
i 1 1 .  





on S The stress v e c t o r s  t a r e  g iven  by 
and is are r e s p e c t i v e l y  t h e  f o r c e  and to rque  ' exer ted  by t h e  f l u i d  
I 
1' i 
- - - - 
ti = - "pi t p0n*i ( ' ) ( i )  t i i * ~ . ( i - 1 , i - 2 , .  1 . . ,1) , (3.8) 
. 
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where E is  t h e  u n i t  normal d i r e c t e d  o u t  of t h e  f l u i d  su r face .  Since t h e  
- 
s a t i s f y  t h e  homogeneous Stokes equat ion ,  U and 5 are 
1 1 
f i e l d s  
1 9 %  
r e s p e c t i v e l y  t h e  t r a n s l a t i o n a l  and r o t a t i o n a l  v e i o c i t i e s  with which t h e  
p a r t i c l e  would move i n  a Newtonian f l u i d  of v i s c o s i t y  p 
a force -F and a torque  -Lo 
when sub jec t ed  t o  
0 - - 
When S i s  i n f i n i t e l y  f a r  from S 2 1 t h e  v e l o c i t y  c o n t r i b u t i o n s  i n  (3.6) 
are denoted by nwi, Qwi . 
t h e s e  t e r n s  are known. 
it is  p o s s i b l e  t o  f i n d  by invers ion  : 
The sphere is t h e  on ly  case  f o r  which some of 
From t h e  fo rce  and torque  formulae of Giesekus c19633 
2 
2 -  
Uw4 and 
of symmetry arguments . 
are not  given,  bu t  they  can be shown' t o  vanish with t h e  use 
2 
5 ' 2  B2tB3 a l+a2  L )2  - - - L 
3 9 QoD4 = 0 , QoD5 = O ( L  ) . 51-03 = 15 C36(-) - (-) I( 
8np a3 8np a 
(3.10) 0 0 
"0 PO 
The above formulae are v a l i d  only f o r  t r a n s l a t i o n  induced by a f o r c e  a lone  
o r  r o t a t i o n  induced by a to rque  alone. When' both P # 0 ,  'is # 0 i n t e r a c t i o n  
terms appear  i n  and Em3. Giesekus has c a l c u l a t e d  t h e s e  when and are -3 
1 I 
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p a r a l l e l ,  bu t  h i s  r e s u l t s  appear t o  be i n  e r r o r  (Caswell C19673). 
The c a l c u l a t i o n  of wall e f f e c t s  depends c r u c i a l l y  on t h e  behavior  o f  
far  from S Brenner C1964al has  shown t h a t  t h e  t h e  f i e l d s  vwi9 pWi 1' 
. Newtonian f i e l d s '  have t h e  asymptotic expansions 
(3.11a) 
( 3  .lib) 
1' where  t h e  o r i g i n  of t h e  r a d i u s  v e c t o r  is imbedded i n  t h e  moving body S 
The choice  of an o r i g i n  i n  t h e  moving p a r t i c l e  r e q u i r e s  t h e  c o r o t a t i o n a l  
d e r i v a t i v e  (2.3) t o  be w r i t t e n  with t h e  v e l o c i t y  r e l a t i v e  t o  t h a t  o r i g i n .  
Hence f r o m  (2.2) and (2.3) x ( * )  can be expanded as 
It fo l lows  from (3.41, (3.51, (3.11a) and (3*12)  t h a t  t h e  
r becomes l a rge .  
t h e  divergence theorem t h a t  f o r  i > 1 
as r + w .  
are O(P'~) as 
I t  then  a l s o  follows from t h e  f o r c e  cond i t ion  (3.7b) and 
-2 p-3) 
Vwi pwi can be a t  most O ( r  
Glith t h e  use o f  (3.11) and (3.12) it can be shown t h a t  t h e  inhomo- 
- 
geneous stress t e n s o r s  i may be w r i t t e n  as 
m i  
(3.13) 
. (3.14) ' -4 
- .e. - *% 
where T - O ( r  ) as  r -+ 05 , 
and X( l ) (ml)  imp l i e s  Z ( l )  is t o  be eva lua ted  with 
of (3.13) it is u s e f u l  t o  cons t ruc t  new f i e l d s  
-i 
Because of t h e  form -1 
, pfi  (i > 1) with f i  
I I 
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(3.15) ' .  
These f i e l d s  s a t i s f y  t h e  homogeneous Stokes equat ion ,  and when S2 is t h e  
sphere  at i n f i n i t y  t h e  corresponding stress f i e l d s  5 
t e r m  i n  (3.13) as r becomes l a rge .  
t o  t h e  f o r c e  o r  to rque  on s 1' m i  
which permi ts  t h e  a n a l y s i s  for  w a l l  effects t o  be c a r r i e d  o u t  without t h e  
- 
approach t h e  first 
m f  i - 
Furthermore, " w f i  9 Pmfi do n o t  c o n t r i b u t e  
= 5': 
It is t h e  asymptot ic  p r o p e r t i e s  of the  T 
need for  complicated c a l c u l a t i o n s .  
4. The Green's Function Solut ion 
The s o l u t i o n  of t h e  Stokes equat ion i n  terms o f  a gene ra l i zed  Green's 
f u n c t i o n  was o r i g i n a l l y  worked o u t  by Lorentz [Oseen 19271. Recently,  
Williams [19661 has used t h i s  s o l u t i o n  i n  h i s  i n v e s t i g a t i o n  of t h e  effect of 
f i n i t e  boundaries  on t h e  Stokes drag i n  Newtonian flow. Here t h e s e  r e s u l t s  
are extended t o  inc lude  Nth o r d e r  v i s c o e l a s t i c  f l o w .  
I n  an unbounded reg ion  t h e  Green's "veloci tyT1 t e n s o r  and "pressure" 
- 
v e c t o r  are given r e s p e c t i v e l y  by (Oseen C19271) 
where and 
r e s p e c t i v e l y .  
r e s p e c t  t o  t h e  components of F and F' r e spec t ive ly .  
s a t i s f y  equat ions  of "motion" and "cont inui ty"  
are t h e  r ad ius  vec to r s  of two a r b i t r a r y  p o i n t s  X and X' 
The g rad ien t  s y m k s  V and V '  denote d i f f e r e n t i a t i o n  wi th  
- - 
The f i e l d s  Q, , PI 
10 
c 
1 r e spec t ive ly .  
and an o u t e r  su r f ace  s then  t o  6 , P are added t h e  f i e l d s  'Q (T,i?'1 , 
P (r,r') which s a t i s f y  t h e  homogeneous form of (4.3) and t h e  boundary 
condi t ion  
If t h e  flow is  confined t o  t h e  region.between a p a r t i c l e  S 
- - - 
2 I 1  I1 - -- 
I1 
- 
The f i e l d s  6 , P so de f ined  a r e  the  Green's func t ions  which d e l i v e r  t h e  
s o l u t i o n  of t h e  Stokes equat ion ( 3 . 3 )  a t  p o i n t s  i n  t h e  i n t e r i o r  o f  s 
with t h e  scalar Green's func t ions  of p o t e n t i a l  theory 6 .satisfies a 
r e c i p r o c i t y  r e l a t i o n  when and 'F' are interchanged ( V i l l a t  C19431) 
As 2' 
. -  
- 
I where t denotes  t h e  t ranspose .  
sa t i s f ies  (4.51, and hence t h e  r e c i p r o c i t y  r e l a t i o n  is, i n  fact ,  a cond i t ion  
By i n s p e c t i o n  it can be seen  t h a t  6 
- - 
t o  be  imposed on GI.. It is clear from (4.11, (4 .2)  and (4.4) .tfiat a,, is 
determined s o l e l y  by t h e  na tu re  of t h e  surface S 
wi th in  t h e  reg ion  enclosed by it, inc lud ing  t h e  volume occupied by S 
and is  r e g u l a r  everywhere 2 '  
1' 
If t h e  inhomogeneous p a r t  of ( 3 . 3 )  i s  regarded as a body f o r c e  then  
t h e  v e l o c i t y  T a t  a f i e l d  p o i n t  X' can be w r i t t e n  d i r e c t l y  from Oseen's i 








a ,  11 
a v a r i a b l e  p o i n t  i n  t h e  reg ion  between. s1 and S 2 ,  With t h e  i d e n t i t y  
(4 .7)  
- 
t h e  divergence theorem, and t h e  boundary cond i t ions  f o r  
s o l u t i o n  (4.6) can be pu t  i n t o  t h e  form 
and 6 on S, , t h e  i 
- .*. 
Here ;" and are def ined  by i 1 
(4.8) 
where is t h e  stress vec to r  ca l cu la t ed  from t h e  f i e l d s  vfi , pfi  ( 3.15 1. 
Whenever y. is a r i g i d  motion on s t h e  second term i n  t h e  s u r f a c e  i n t e g r a l  
1 1 
can be shown t o  vanish with t h e  use o f  t h e  divergence theorem and t h e  
p r o p e r t i e s  o f  Q, and QI,. 
f i  
- - 
By arguments e n t i r e l y  anaiogous t o  t h o s e  used t o  a r r i v e  a t  (4.8) it cap. 
3 
be shown t h a t  t h e  corresponding pressure  f i e l d  is given by 
-- 
where $(r ,r l)  is t h e  scalar  Green's func t ion  f o r  Laplace ls  equat ion 
given by 
1' 




boundary cond i t ion  
is a r e g u l a r  s o l u t i o n  of Laplace's  equat ion  which satisfies t h e  I1 
(4.12) s2 
V$II = - 04, on 
2'  
is  determined s o l e l y  by t h e  p r o p e r t i e s  of  S $11 As with Q,, - 
When S, recedes  t o  i n f i n i t y  it i s  denoted by Sw, and 6 then  reduces  
- 
t o  Q,. 
t h e  boundary cond i t ions ,  (4.8) reduces t o  t h e  fo l lowing  set  of  i n t e g r a l  
equat ions  which express  t h e  boundary va lue  problem f o r  t h e  f i e l d s  vwi, psi: 
If t h e  f i e l d  po in t  X' is r e s t r i c t e d  t o  l i e  on s t hen ,  because o f  1 
31 
and fo r  i > 1 
= .*. - 
8nlr0(5ait5mixF) = - I T:~:VG,~V + , (lr.14) 
S l  V 
where R is  t h e  c h a r a c t e r i s t i c  dimension of s 
apparent  t h e  volume i n t e g r a l  i n  (4.14) has  been eva lua ted  over  t h e  f i n i t e  
For reasons  soon to become 2.. 
volume v enclosed by s, r a t h e r  than t h e  whole e x t e r i o r  vW. 
in t roduced  by t h e  neg lec t  of t h e  i n t e g r a l  ove r  Vm-V i s  es t imated  from t h e  
f a r  f i e l d  behavior  of ?mi as given by ( 3 . 1 4 ) .  . 
The e r ro r .  
- 2. 




1' expands 6 i n  a Taylor ' s  series about some o r i g i n  o i n  S I1 
where t h e  s u p e r s c i p t  O impl ies  t h e  q u a n t i t i e s  a r e  eva lua ted  a t  t h e  o r i g i n  0. 
From t h e  r e c i p r o c i t y  r e l a t i o n  (4.5) it fol lows t h a t  Q 
=0 
is symmetric, and I1 
=0 =0 t =0  =0  
t h a t  VtQI1: is  equa l  t o  VQII . It w i l l  he  seen  below t h a t  Q,,, VQ,,, etc. 
13 c 
=0 
must be O( Q-1,Q-2, etc.  on dimensional grounds. Williams noted  t h a t  VQ,, 
vanishes  whenever t h e  o r i g i n  i s  loca ted  at a p o i n t  through which may be 
drawn t h r e e  perpendicular  axes of symmetry o f  s 
symmetric boundaries  of  t h i s  kind it is found from (4.15) and from t h e  boundary 
and force cond i t ions  (3.6) and (3.7a) t h a t  (4.8) reduces  t o  t h e  set of 
i n t e g r a l  equat ions :  
With t h e  r e s t r i c t i o n  t o  2'  
and f o r  i > 1 
A comparison of (4.16) and (4.17) with (4.13) and (4.14) shows t h a t  t h e  
f i e l d s  vi, p.  s a t i s f y ,  t o  O(& ) , t h e  same boundary va lue  problem a s  t h e  




The i n t e g r a l  o f  'i over  s, i n  (4.17) vanishes  because to O ( r 3 )  Ffi is f i  
given by (see t h e  remarks fol lowing '  (3.15)). The sum of t h e  ci, Ei =fi 
e - -  
and t h e  Ewi, fimi r e s p e c t i v e l y  y i e l d s  (1.11, which relates t h e  v e l o c i t y  U ,  S I  
of S, i n  a bounded reg ion  with i t s  v e l o c i t y  Fw, Em i n  an unbounded r eg ion ,  
t h e  f o r c e  and torque  being i d e n t i c a l  i n  each case. I n  o r d e r  t o  o b t a i n  (1.1) 
- 
I1 by 
it is necessary  t o  no te  t h a t  t h e  wall e f f e c t  t e n s o r  E is r e l a t e d  t o  6 
- 
=0 
k = - 3aQ ,.,/4 (4.20) 
14 
- 
The symmetry o f  k ,  which follows d i r e c t l y  from, (4.5) has  p rev ious ly  
been e s t a b l i s h e d  by Brenner C1964al u s i n g  a d i f f e r e n t  approach. Values o f  
some of t h e  components o f  k f o r  c e r t a i n  geometries are given i n  Happel and 
Brenner C19651. 
- 
5. Asymmetric Conf igura t ions  
The conf igu ra t ions  of s and sp for  which t h e  terms O(!i-2) i n  (4.15) 1 
do n o t  vanish  w i l l  now be considered. 
by s u b s t i t u t i n g  (4.151, i nc lud ing  terms i n  V:O 
The boundary valu'e problem genera ted  
i n t o  (4.8) cannot be , I1 ' 
W s a t i s f i e d  t o  O(R'3)  by t h e  f i e l d s  vai, pmi alone. ~ The i n t e g r a l  equa t ion  for 
are found t o  be ' p1  t h e  Newtonian f i e l d s  vl 
Z '  
where 
The s o l u t i o n  o f  (5.1) can be  w r i t t e n  as t h e  s u p e r p o s i t i o n  o f  vwl, pal and t h e  
p e r t u r b a t i o n  f i e l d  Vwl, pal r equ i r ed  t o  s a t i s f y  motion i n  an unbounded s h e a r  
- 11 11 
f i e l d .  These f i e l d s  sat isfy t h e  boundary cond i t ions :  
(5.4) 
a I . 
. .  
15 
= =  - 
where 5 i s  a symmetric cons tan t  tensor such t h a t  S : l  = 0. 
to rque  on S 
The f o r c e  and 
are given by 1 
from which it follows t h a t  
(5.5) 
From (4.8), (5.31, (5.41, and (5.6) t h e  i n t e g r a l  equa t ions  which 
expres s  t h e  boundary va lue  problem f o r  t h e s e  f i e l d s  are found from (4.8)  t o  
be 
(5 .7)  
e -  - - 
where 7 = 21.1 S-n  . A uniform shear  f i e l d  0.s is  de f ined  everywhere wi th in  
S 
S 0 0 
, and hence from ( 4 . 8 )  i t  can be formal ly  expressed as 
0)  
- - -  a B ,  
8ap 0 0  r *S = Cts*QI-ro*S-(-n P I t u  o - ) ]dA. an (5.10) 
m 
S 
- l =  I - = -  
From (5.10) it fo l lows  t h a t  t o  O w 3 )  (5.1) i s  t h e  supe rpos i t i on  of (5.7) 
and (5.8) wi th  
(5.11) 
Brenner [1964c] has  given a. g e n e r a l  a n a l y s i s  o f  t h e  motion of p a r t i c l e s  
i n  s h e a r  f i e l d s  of Newtonian f l u i d s ,  and from h i s  r e s u l t s  it can be shown t h a t  
16 
- = - 4  "-1.; )-1 - = t  = lor) . pouoD1 = - ( K - C ~ * R ~  *(F-C *R- 





- - -  
The dyadics k, E are r e s p e c t i v e l y  t h e  r e s i s t a n c e ,  coupl ing  and 
r o t a t i o n  dyadics  which, f o r  a Newtonian f l u i d ,  determine t h e  f o r c e  and 
to rque  on a r i g i d  body undergoing t r a n s l a t i o n  and r o t a t i o n  i n  a r  unbounded 
reg ion .  
determine t h e  a d d i t i o n a l  f o r c e  and torque  due t o  a s h e a r  f i e l d .  
s c r i p t  o denotes  po lyad ic s  which are o r i g i n  dependent, arid forinuiae for 
t ransforming  t h e s e  q u a n t i t i e s  t o  a new o r i g i n  can be  found i n  Brenner 's  




The s h e a r  f o r c e  t r > i a d i c  5 and t h e  s h e a r  t o rque  t r i a d i c  E 
0 0 
The sub- 
To determine t h e  v e l o c i t y  c o r r e c t i o n  6v t h e  i n t e g r a l  i n  (5.2a) must 1 
be eva lua ted .  From (5.9) and with t h e  use of Brenner ' s  C1964cI formalism 
it i s  e a s i l y  shown t h a t  
- - 
-2 - -  - - -  - -  -- 
2 1 (tlrotrotl)dA = Ul"o*40 + QloDmo 0 t O(Q . (5.16) 
sl 
Since  VQI, =0 is  0(11'2) (5.16) is s u f f i c i e n t l y  a c c u r a t e  for  use  i n  (5.1).  
Because (5.1) involves  only t h e  Newtonian term it can be compared t o  
some known r e s u l t s .  
Williams [1966] have d e a l t  with f r e e l y  f a l l i n g  (r = 0 )  p a r t i c l e s .  
Previous ana lyses  by Brenner [1962,1964a] and by 
N e i t h e r  




b u t  r a t h e r  have at tempted t o  f i n d  symmetry cr i ter ia  f o r  t h e  v a l i d i t y  o f  t h e  
e r r o r  estimate of (4.16). When the o r i g i n  i s  t h e  c e n t e r  of mass o f  a f r e e l y  
f a l l i n g  p a r t i c l e  t h e  fol lowing equat ion is obta ined  from (5.11, (5.21, and 
(5.11) t o  (5.16) 
(5.17) 
- - = =  - 
where Eo = €:Ao , E is t h e  a l t e r n a t i n g  t e n s o r ,  and 
- - 3 2 =  =0 + =o 
w = - - II VxQ?, , = - 5 k2(VQ,, + VQ,,) . 8 (5.19b) 
=0 
I t  should be noted t h a t  A 
s1 and S 
t h e  shape of S,. 
t h e  cond i t ion  on t h e  par t ic le ’geometry  f o r  (5.195) t o  vanish is 
, and hence go, depends on t h e  geometr ies  o f  both - - - 
while  t h e  second o r d e r  wall-effect t e n s o r s  and d depend on ly  on 2 
If t h e  con ta ine r  i s  taken t o  have any a r b i t r a r y  shape then  
(5.20) 
where t h e  o r i g i n  dependent po lad ics  are r e f e r r e d  t o  t h e  c e n t e r  of  mass. 
From t h e  t ransformat ion  formulae of Brenner [1964c] it can be shown t h a t  i n  
g e n e r a l  it i s  n o t  p o s s i b l e  t o  f ind  an o r i g i n  f o r  which (5.20) w i l l  always 
hold.  
-0 
Hence even with t h e  adjustment of t h e  mass d i s t r i b u t i o n  B cannot i n  
gene ra l  be made t o  vanish,  
wi th  t h e  o r i g i n  a t  t h e  c e n t e r  of symmetry. has  t h r e e  
mutual ly  or thogonal  symmetry p lanes  @ = C = 0 (Brenner [1964c]), and hence 
For highly  symmetric bodies  (5.20) may be s a t i s f i e d  
In p a r t i c u l a r ,  when S 1 - - 
0 0 
18 
(5.17) reduces t o  (4.18) which i s  i n  accord wi th  Willi,ams C19661. 




i s o t r o p y  i n  which case 8 = a = 0 . 
0 0 
In  h i s  first paper  on wall e f f e c t s  Brenner C1962) de r ived  t h e  one- 
dimensional form o f  (4.18). 
t h e  p a r t i c l e  possesses  t h r e e  or thogonal  symmetry p l anes ,  and moves with one 
He a s s e r t e d  t h a t  t h e  error i s  O ( R - 3 )  provided 
of i ts  p r i n c i p l e  a x e s p a r a l l e l  t o  a p r i n c i p l e  a x i s  of t h e  o u t e r  boundary, 
Later (Happel and Brenner C19651, p.291) t h e  r e s t r i c t i o n s  on t h e  p a r t i c l e  
geometry were removed, and it was a s s e r t e d  t h a t  an o r i g i n  always e x i s t s , f o r  
c which t h e  e r r o r  i s  O ( r ? - 3 ) 0  T h i s  a s s e r t i o n  is  a t  odds with (5.17) as w i l l  be 
seen  below where t h e  case  of an axisymmetric p a r t i c l e  moving n e a r  a p lane  
wall w i l l  be considered. 
4 
P a r t  of t h e  d i f f i c u l t y  o f  Brenner 's  a s s e r t i o n  is 
t h a t  he does n o t  de f ine  p r e c i s e l y  t h e  concept of a p r i n c i p l e  a x i s  o f  t h e  o u t e r  
boundary, For  t h e  motion of a sphere a p r i n c i p l e  a x i s  of s 
as one for which w-F vanishes;  however, t h i s  d e f i n i t i o n  w i l l  no t  work for , 
p a r t i c l e s  with a lower degree of symmetry, 
could be de f ined  2 - - -  
Even i f  t h e  t e r n  O(k-2) vanishes  
in t h e  corresponding term i n  5 '  w i l l  i n  gene ra l  no t  vanish.  The motion 1' 1 
of a sphere  n e a r  a p lane  wall is t h e  no tab le  except ion  t o  t h i s  r u l e .  
For t h e  non-Newtonian f i e l d s  Ti, pi, i > 1, it fo l lows  from (3 .6) ,  




The s o l u t i o n  of (5.21) can be expressed,  as i n  t h e  case i=l, as t h e  super- 




motion i n  a s h e a r  f i e l d .  
l i n e a r  i n  t h i s  q u a n t i t y  are requi red  fo r  t h e  s o l u t i o n  of (5.21). 
boundary condi t ions  s a t i s f i e d  by t h e s e  f i e l d s  are r i g i d  motion on s 
Since s as given by ( 5 . 2 ~ )  is O(R'2) on ly  t h e  terms 
The 
as i n  1 
(5.31, and 
( 5 . 2 3 )  
Because t h e  force and torque  are given by vml, pml t h e  h i g h e r  order f i e l d s  
must also s a t i s f y  
-1 1 -1' - 
These force and torque  condi t ions  determine cwi, Umi, Qmi and Qmi . 
The only  case for which any of t h e s e  f i e l d s  are known i s  t h e  sphere.  
4 The a u t h o r  
s imultaneously t o  a force and torque i n  any o r i e n t a t i o n .  
c o n t r i b u t i o n s  are found t o  be: 
has  c a l c u l a t e d  t h e s e  f i e l d s  f o r  i = 2  when t h e  sphere  is  s u b j e c t e d  
The v e l o c i t y  
- u t a  - -  
-11 1 2 L*S I 
RoD2 = 0 $ Rw2 = - (- 3 .  . I  
' 0  8np a 
0 
(5.26) ' 
With t h e  use  o f  symmetry arguments it can be shown t h a t  n13 , 1 1  Om3 have no  
terms l i n e a r  i n  S. Hence fo r  t h e  sphere  v20 + dJ1 Vzm and y3- t -1 V3- 1 sa t i s fy  - 
-3  (5.21) t o  O(R p,rovided 
These c a l c u l a t i o n s  w i l l  be publ ished i n  a forthcoming paper  on p a r t i c l e  






a +a 1 2) F'S - 1 2 E*S u p 2  = - (- - , S I 2 = - ( -  a + a  - -  
3 '  1 
- -  




The eva lua t ion  of t h e  i n t e g r a l  (5.22) i s  g r e a t l y  s i m p l i f i e d  wi th  t h e  
use of a g e n e r a l i z a t i o n  of a r e c i p r o c a l  theorem of Lorentz (Oseen '[19271).. 
For any two s o l u t i o n s  p .  and 7 p .  o f  t h e  inhomogeneous 
(3.3) t h e  divergence theorem y i e l d s  t h e  fo l lowing  r e c i p r o c a l  
i' 1 j' 3 Stokes equa t ions  
r e l a t i o n  
(5.29) 
where S is t h e  e n t i r e  boundary of t h e  volume 
S2, and vl = ro*VQII*F, where 
V .  When S c o n s i s t s  of S, and 
- =o 
i s  an a r b i t r a r y  c o n s t a n t  v e c t o r ,  t h e  
r e c i p r o c a l  theorem t o g e t h e r  
where t h e  e r r o r  involved i n  
5 with  (lr.9) g ive  
t h e  replacement of s by soo is O ( c 3 ) .  2 
The i n t e g r a l  (5.30) can be eva lua ted  t o  G(k'3) with  t h e  vaj, pmj 
For t h e  sphe re  it can be shown from Giesekus [I9631 t h a t  f i e l d s  alone. 
- 
VoD2' PaQ have t h e  asymptot ic  expansions 
_.  
The n o t a t i o n  used above makes use o f  t h e  c l u s t e r i n g  convention whereby 5 
t =o (ac):(cd) = (a *a ) (c *c ) .  A l s o  VQ,, denotes t h e  pre- t ranspose  i n  which t h e  
I first two i n d i c e s  are interchanged. 
. I 
2 1  
r 
(5.32) 
From t h e s e  expansions t h e  necessary i n t e g r a l s  f o r  use  i n  (5.30) are c a l c u l a t e d  
as 





Higher o r d e r  vmi, pWi are n o t  a v a i l a b l e .  
The f i e l d s  vm3, pm3 are O ( r  
(5.33) and (5.34) vanish .  
), and so t h e i r  i n t e g r a l s  e q u i v a l e n t  t o  
For t h e  sphere  a l l  t h e  r e s i s t a n c e  po lyad ic s  i n  (5.12) t o  (5.14) are 
- 3= - - z e r o  except  K and R which are 6aa l  and 8na 1 r e s p e c t i v e l y .  From (5.2),  0 
can be added t o  g ive  
-2 4 -2 4 o ( R - ~ , A  F ,R L ,.. .) , (5.35) 
- 
where 
would a t t a i n  i n  an unbounded Newtonian f l u i d  of v i s c o s i t y  v 
Qml, given by (3.9) and (3.10), are t h e  v e l o c i t i e s  t h e  sphe re  ' 
under t h e  
0 - 
i n f l u e n c e  of t n e  f o r c e  
(5.36) con ta in  terms i n  
a v a i l a b l e .  
and torque L. The e r r o r  estimates i n  (5.35) and 
-2 
s i n c e  for i > 3 t h e  non-Newtonian f i e l d s  are n o t  
However since t h e s e  t e r n s  are modified by f o u r t h  o r d e r  products  
of F and L t h e s e  equat ions  a r e  v a l i d  i n  t h e  l i m i t  of small f o r c e s  and torques .  
22 
I n  experiments with f r e e l y  f a l l i n g  p a r t i c l e s  t h i s  requirement is e a s i l y  m e t  
by t h e  use  o f  small spheres  which is also n e c e s s a p  t o  s a t i s f y  t h e  cond i t ion  
fo r  i n e r t i a l e s s  flow. Thus t h e s e  formulae should  be u s e f u l  i n  f a l l i n g  sphei-e 
viscometry . 
6. On t h e  Quasi-Steady Approximation 
In t h e  preceding  a n a l y s i s  a l l  motions'have been assumed t o  be s teady .  
Obviously when a body moves i n  t h e  v i c i r , i t y  o f  a wal l  the' f l u i d  motion cannot 
be s t eady  i n  t h e  s t r ic t  sense  except i n  c e r t a i n  s p e c i a l  cases. For Newtonian 
- 
c f l u i d s  it can be shown wi th  dimensional arguments t h a t  Stokes equat ion  
E 
remains v a l i d  provided t h e  l o c a l  and convected a c c e l e r a t i o n s  remain f i n i t e  i n  
t h e  z e r o  Reynolds number l i m i t .  In slow v i s c o e l a s t i c  flow it i s  necessary  t o  
examine, i n  a d d i t i o n  t o  t h e  l o c a l  a c c e l e r a t i o n ,  t h e  p a r t i a l  time d e r i v a t i v e s  
i n  t h e  c o n s t i t u t i v e  equation. 'Because of such t e r n s  t h e  concept o f  quas i -  
s t e a d y  flow appears t o  be more r e s t r i c t i v e  t h a n  i n  t h e  Newtonian case. 
t h e  a n a l y s i s  is r e s t r i c t e d  t o  t h e  s i t u a t i o n  desc r ibed  below. 
It i s  supposed t h a t  i n  an  unbounded medium t h e  body s 
Hefice 
can undergo 1 
s t r i c t l y  s t eady  motion under t h e  inf luence  o f  a cons t an t  force 'T and to rque  
- 6  Lo 
a t  a d i s t a n c e  2 .  
approached time is $ / a .  
t h e  l o c a l  a c c e l e r a t i o n  t o  be  O(H Re), where a is  t h e  p a r t i c l e  dimension upon 
which R e  is based, S ince  t h e  wall  e f f e c t  a n a l y s i s  r e q u i r e s  ( a / % )  < <  1, it is 
2 "his s t eady  motion is  d is turbed  by t h e  approach of t h e  body t o  a w a l l  s 
The speed of  approach is  R, and hence a c h a r a c t e r i s t i c  
The dimensional a n a l y s i s  r e f e r r e d  t o  above t h e n  shows 
a 
, 
clear t h e  l o c a l  a c c e l e r a t i o n  can be s a f e l y  neg lec t ed  i n  t h e  ze ro  Reynolds 
For bodies  of complex geometry such motions may n o t  e x i s t  ( c f .  Brenner 
[1961+bl). 
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number l i m i t .  
S tokes  equat ions  (3.3). However, t h e  inhomogeneous stress t e n s o r s  T now 
d i f f e r  from t h e i r  s t eady  s t a t e  values by c e r t a i n  p a r t i a l  t i n e  d e r i v a t i v e  
terms. For i n s t a n c e ,  T i nc ludes  t h e  term a a A ( l ) ( l ) / a t ;  t h u s  t h e  governing 
Therefore,  t h e  governing equa t ions  remain t h e  inhomogeneous 
= 1  
i 
- - - 1  
2 1 
-' 
equat ion  f o r  t h e  f i m e  dependent f i e l d s  vi, p2 i s  
- 
where f 2  is t h a t  p a r t  o f  (3.4) which does no t  con ta in  p a r t i a l  time d e r i v a t i v e s .  
S ince  satisfies t h e  homogeneous S tokes  equat ion  it v a r i e s  wi th  t i m e  on ly  1 
through t h e  v e l o c i t y  boundary va lues  on s A s o l u t i o n  t o  (6.1) vhich 
. .. 1' 
satisfies t h e  force and to rque  condi t ion  (3.7) is g iven  by 
-1 
1 2  
where t h e  unprimed f i e l d s  s a t i s f y  t h e  s t eady  flow equat ions .  O n  s V is 
g iven  by 




The a c c e l e r a t i o n  is ob ta ined  by time d i f f e r e n t i a t i o n  of (4.18) which 
1 
7 r e s u l t s  i n  
The force o f  t h e  f l u i d  on t h e  p a r t i c l e  (3.7a) has  been taken  as a cons t an t  
i n  ba lance  wi th  t h e  a p p l i e d  e x t e r n a l  f o r c e ,  such as t h a t  due t o  g r a v i t y .  
I n  an unsteady motion t h i s  cannot ho ld  exac t ly .  An estimate o f  t h e  p a r t i c l e  
a c c e l e r a t i o n  is  fu rn i shed  by (6.41, and from t h e  p a r t i c l e  equat ion  of motion 
it can be shown t h a t  t h e  r a t i o  (mass)(acceleration)/(fluid drag  f o r c e )  is 
. Here p is  t h e  mass d e n s i t y  of t h e  s o l i d .  A s imilar argument ps a2 o(Re a;;?.' S 




d e r i v a t i v e s  i n  t h e  T for i > 2 con t r ibu te  t o  t h e  ci only  t e r m s  O ( c 3 ) ,  
i s  O(U) E2 must be rep laced  by The p a r t i a l  time 
=I 
i 
and t o  t h e  same o r d e r  a l l - t h e  E. a r e  unaf fec ted .  Hence when a l l  t h e  
1 
-9 -9 -1 -9 
c o n t r i b u t i o n s  0 52.  are added t h e  a c t u a l  v e l p c i t i e s  U , s2 can be expressed i' i 
as 
- -  
where U, R are t h e  v e l o c i t i e s  c a l c u l a t e d  from t h e  s t e a d y . s t a t e  equat ions  
which for  t h e  sphere  are summarized by (5.35) and (5.36). 
a r r i v e s  near t h e  wall t h e  above a n a l y s i s  may become i n v a l i d ,  n o t  on ly  because 
When t h e  p a r t i c l e  
of t h e  neg lec t ed  terms O U ! ' ~ )  i n  (6.51, bu t  more impor tan t ly  because t h e  
stress w i l l  n o t  n e c e s s a r i l y  be accu ra t e ly  descr ibed  by t h e  Rivl in-Ericksen 
theory .  
o r d e r  account o f  stress re l axa t ion .  
The v e l o c i t y  c o r r e c t i o n  in  (6.5) shouid be regarded as  a ze ro th  
7. Examples of Wall Effects 
a. The Plane , 
The volume v is t h e  h a l f  space on one s i d e  of t h e  p l a n e  whose u n i t  
- - 
normal vec to r ,  i, is d i r e c t e d  i n t o  t h e  f l u i d .  For t h i s  case 6 is known I1 
25 
and t h e  o r i g i n  of F and r' l i e s  i n  t h e  plane.  The o r i g i n  f o r  t h e  Tay lo r ' s  
expansion (4.15) l i es  a t  a d i s t ance  R from t h e  p l ane ,  and from (7.1)  t h i s  
series g ives  
(7.3) 
Hence t h e  wall-effect t e n s o r s  (4.20) and (5.37) are 
When terms of O ( r 3 )  are neglec ted  t h e  a p p r o p r i a t e  va lue  of in .  (6.5) - - - - -  - 
is U;i. 
( 5 . 3 6 )  t h e  i n s t a n t a n e o u s ' v e l o c i t y  of a sphere  can be expressed as 
When t h e  above va lues  f o r  k and d ' a r e  s u b s t i t u t e d  i n  ( 5 . 3 5 )  and 
a -- 9 ' a v a 2  2 - - 2 
64 R2 Po 
9a 1 -  - - -  
E' = ijb, - Is Um,(l t - ~~*T>Czt(g.i)i~ t --(- uml CT( g i t 3T- 2gg I J 
(7.5) ' -- -3 -2 4 -2 4 3 a t u  + 11?-(1 . .Z)n~l [~(F; -T)2-~t2F; . ihJ  + O(2 , R F , 2 L ,... ) , 
R2 
-2 4 -2 4 
+ o ( A - ~ ,  R F , R L ,... , (7.6) 
where and are u n i t  v e c t o r s  i n  t h e  d i r e c t i o n  of 5 and E (i.e. -F - and 
-1 -1 - 
-L) r e s p e c t i v e l y .  
of t h e  non-Newtonian terms of O( : 
Severa l  s p e c i a l  cases o f  (7.6) b e s t  i l l u s t r a t e  t h e  n a t u r e  
i) Free f a l l  with t h e  f o r c e  p a r a l l e l  t o  t h e  p lane  
ii) Free f a l l  wi th  t h e  force normal t o  t h e  p l ane  
I u,, = 0 
where E and 
pe rpend icu la r  
d i r e c t e d  away 
it. 
I t  
- - - 9 a  a 1 2 2  ta 1 U 9 a  = g[Um(F) - --(1 + - Um(F)) + --[-)Uml] , R = 0 , ' ul 8 R - p o t  - 32 R2 Po 
(7.8) - 
U are r e s p e c t i v e l y  t h e  components of velocity p a r a l l e l  and 1 
t o  t h e  plane.  
from t h e  w a l l  and t h e  lower s i g n s  when it i s  d i r e c t e d  towards 
In (7.8) t h e  upper  s i g n s  hold when t h e  force i s  
iii) Rotat ion about a s t a t i o n a r y  a x i s  
3 
2 
- - - E t = ( ) ,  F = - - - . r ;  n' = QJL) , 
i v )  Rota t ion  about a s t a t i o n a r y  a x i s  
4 
p a r a l l e l  t o  t h e  plane.  
pe rpend icu la r  t o  t h e  plane.  
(7.9) 
(7.10) 
I n  (7.9) and (7.10) t h e  sphere i s  cons t r a ined  
F, c a l c u l a t e d  f r o m  (7.5) wi th .v '  = 0 ,  is  t h a t  
sphe re ,  and hence a f o r c e  -F must be s u p p l i e d  
- 
- 
no t  t o  t r a n s l a t e .  The f o r c e  
exe r t ed  by t h e  f l u i d  on t h e  
t o  maintain t h e  c o n s t r a i n t .  
The normal stress c o e f f i c i e n t  al is nega t ive  (Truesde l l  and No11 C19651) on 
t h e o r e t i c a l  grounds, and for polymer s o l u t i o n s  a tu is found t o  be p o s i t i v e .  1 2  
Hence when t h e  f o r c e  and to rque  vec tors  are p a r a l l e l  t o .  t h e  p lane  t h e  wall 
effect produced by t h e  normal s t r e s s e s  is t o  p r o p e l  a f r e e l y  t r a n s l a t i n g  sphe re  
(7.7) away from t h e  w a l l  
When t h e  force and torque  vec to r s  a r e  normal t o  t h e  p lane  t h e  w a l l  effects 
are more complicated.  
and t o  draw towards it a r o t a t i n g  sphere  (7.9). 
The normal stress terms tend  t o  increase or decrease  
t h e  v e l o c i t y  (7.8) of a f r e e l y  t r a n s l a t i n g  sphere  depending on whether it 
l e a v e s  or approaches t h e  wall. 
t h e  sphere  away f r o m  t h e  wall. 
For t h e  r o t a t i n g  sphere t h e  effect i.s t o  push 
27 
While (5.35) and (5.36) a r e  v a l i d  only  for  sphe res ,  (5.17) and (5.18) 
are v a l i d  f o r  any geometry provided t h e  f l u i d  i s  taken  t o  be Newtonian. As 
a s p e c i f i c  exanple  t h e  free f a l l  of an axisymmetric body i n  t h e  v i c i n i t y  o f  
a p lane  w a l l  w i l l  be  s tud ied .  The necessary  r e s i s t a n c e  polyadics  are given 
i n  Brenner 's  papers  as: 
where 7 is  a u n i t  v e c t o r  p a r a l l e l  t o  t h e  symmetry a x i s ,  and t h e  s u b s c r i p t  c 
L i n d i c a t e s  t h e  o r i g i n  dependent polyadics  are' r e f e r r e d  t o  t h e  center of 
hydrodynamic stress where they  take on' t h e i r  s i m p l e s t  form. 
o r i g i n  i n  (5.18) and (5.19) is  of n e c e s s i t y  t h e  c e n t e r  of mass which is 
I n  free f a l l  t h e  
e' 
assumed t o  l i e  on t h e  a x i s  of symmetry. 
Brenner it can be shown t h a t  t h e  q u a n t i t i e s  R -C * K  
With t h e  t ransformat ion  formulae of 
0 0  0 0  0' 
I - = = =-1 =f. - -    z-1 = 
*Co , u -C O K  C 
- -  - - '-1 - 
and L-Co*K 
(5.14)and (5.15) s i n c e  t h e s e  q u a n t i t i e s  s p e c i f y  t h e  angu la r  ve3.ocity. 
(5.17), (5.181, (5.191, (7.3) and Brenner 's  t ransformat ion  formulae t h e  
*F are no t  o r i g i n  dependent. Th i s  also fo l lows  d i r e c t l y  f r o m '  
From 
v e l o c i t y  o f  an axisymmetric body near a p lane  w a l l  i n  a Newtonian f l u i d  is 
c a l c u l a t e d  as 
+ . o ( R ' ~ )  , (7.13) 
I 
28 
where p is t h e  d i s t a n c e  from t h e  cen te r  o f  hydrodynamic stress t o  t h e  c e n t e r  
of mass, 
va lues  when t h e  fo rce  
The terms of O(f,-2) i n  (7.13) and (7.14) assume t h e i r  g r e a t e s t  
is p a r a l l e l  t o  t h e  wall, I n  fact  when P, T and 7 
are p a r a l l e l  t h e s e  terms vanish e n t i r e l y .  
considered when t h e  f o r c e  is p a r a l l e l  t o  t h e  p l ane ,  
Two l i m i t i n g  cases w i l l  be 
The first is Bre the r ton ' s  C19621 ovoid of r e v o l u t i o n  which i n  polar 
- coord ina tes  i s  given by (Figure 1) 
(7.15) 
where E is  a small parameter ,  and 7 is d i r e c t e d  towards t h e  "pointed" end. 
It is shown by Brenner [1964cl t h a t  f o r  t h e  ovoid t h e  components of t h e  




2 Hence from (7.16) and (7.17) it fol lows t h a t  t o  O ( E  ) t h e  ovoid w i l l  t r a n s -  
l a t e  without  r o t a t i o n .  The component o f  v e l o c i t y  p a r a l l e l  t o  t h e  w a l l  w i l l  
be given c o r r e c t l y  t o  O(9, 1 by ( L o l a ) ;  however, (7.13) g ives  a v e l o c i t y  
component perpendicular  t o  t h e  plane 
-3 
Thus t h e  ovoid w i l l  move re spec t ive ly  toward or away from t h e  wall depending 
on whether it moves with t h e  pointed or b l u n t  end first ( s e e  Figure 1 ) .  
29 
For a body with fore-and-aft symmetry with i t s  c e n t e r  of mass l o c a t e d  
a t  t h e  c e n t e r  of symmetry t h e  tern) of  O(e-2) i n  (7.13) i s  i d e n t i c a l l y  zero. 
The r o t a t i o n a l  motion i s  given by (7.14) and i f  7 and are coplanar  as 
shown i n  Figure ..2a t h i s  reduces t o  
- - 3UF [ s i n  2 5-cos 2 5IF 
nl . - 32R2npoll 2 (7.19) 
where 
i o  j ( s e e  Figure 2a)  e When 7 and are perpendicular  (7.14) reduces  t o  
i s  a u n i t  vec to r  d i r e c t e d  out  of t h e  p lane  o f  t h e  paper  and cos 5 = 
-- 
- 30F COS (I 




where cos (I = i o  j and K is  direcizd out a€ tfe plane of the paper. Eqs.  (7.19) ad (7.20) 
are s u f f i c i e n t  t o  determine t h e  poss ib l e  u l t i m a t e  o r i e n t a t i o n s  of a body 
with fore-and-aft  symmetry. 
t h e  cond i t ions  for no r o t a t i o n  about an a x i s ' p a r a l l e l  t o  
k - i  = 0 or F * j  = 0. 
cond i t ions  f o r  no r o t a t i o n  as 5 = t45O or +13S0 and 0 = 90°. 
The inner  product  o f  and (7.1.4) e a s i l y  y i e l d s  
t o  be e i t h e r  
-- -- 
Equations (7.19) and (7.20) then  r e s p e c t i v e l y  g ive  t h e  
- - 
1 For t h e  c i r c u l a r  d i s k  a / R p  is - 7 , and from (7.19) it can be seen  
-- 
t h a t  when k - i  = 0 it w i l l  ro ta te  r e spec t ive ly , c lockwise  or counterclockwise 
depending on whether 135O > 5 > 4 5 O  o r  45O > E .  > -45O. A l l  ang le s  are 
inc luded  s ince (7.14) is i n v a r i a n t  t o  r e f l e c t i o n s  o f  7. 
motion of t h e  d i sk  is t r a n s l a t i o n  wi th  i t s  p lane  a t  45O t o  t h e  w a l l ,  and 
Thus t h e  u l t i m a t e  
because of t h i s  o r i e n t a t i o n  t h e  f i r s t  two terms o f  (7.13) y i e l d  components of 
v e l o c i t y  d i r e c t e d  away from t h e  wall. If 7 and are pe rpend icu la r  and 
(I = n/2 then  t h e  d i s k  moves without r o t a t i o n  p a r a l l e l  t o  t h e  wall. 
30 r 
b. The Cylinder  
The c y l i n d e r  i s  of gene ra l  experimental  i n t e r e s t  because of i ts  use 
i n  f a l l i n g  sphere  viscometry.  I n  t h i s  connect ion s e v e r a l  au tho r s  (Tanner 
E19641, Wilson Cl9651) have observed a marked tendency €or sphe res  t o  migrate  
r a d i a l l y  when they  are launched along t h e  c e n t e r l i n e  o f  a v e r t i c a l  tube.  
is  known from t h e  Stokes flow a n a l y s i s  o f  Brenner and Happel El9581 t h a t  a 
It 
sphere  moving eccentr ical ly  i n  a tube exper iences  no s idewise  f o r c e  when t h e  
f l u i d  is  Newtonian. To extend t h e i r  r e s u l t s  t o  o t h e r  geometr ies  or t o  non- 
=0 =0 
I1 and vQII Newtonian f l u i d s  it i s  necessary  only t o  i n s e r t  t h e  va lues  o f  Q 
for t h e  c y l i n d e r  i n t o  t h e  appropr ia te  equat ions  of s e c t i o n  5. 
Car te s i an  coord ina tes  x x x are chosen with o r i g i n  0 1' 2' 3 
l o c a t e d  r e l a t i v e  t o  t h e  center of c y l i n d r i c a l  symmetry S by t h e  cons t an t  
v e c t o r  5, as shown i n  Figure 3. 
or thogonal  p lanes  of symmetry, and by convent iona l  symmetry arguments t h e  
non-zero components of QII and VQ,, are 
Rela t ive  t o  0 t h e  xl-x2 and xl-x3 p lanes  are 
=0 . =o 
0 0 0 
QIIll ' Q1122 ' Q1133 ' (7.21a) 
0 0 . o  0 0 0 0 
'lQII1l ' a2Q1121 ' a3Q1131. ' '2'1112 ' 'lQ1122 ' '3'1113 ' a1Qi133 
The equat ion  o f  c o n t i n u i t y  r equ i r e s  t h e  sum of t h e  first' t h r e e  terms i n  
(7.21b) t o  vanish ,  and hence 
=0 
Q,, h a s  a t ' m o s t  f i v e  independent components. 
8 - A t  t h e  p re sen t  time QII(F,F') is  no t  known f o r  t h e  c y l i n d e r  . Hence 
t h e  components l i s t e d  i n  (7.21) cannot be obta ined  by d i r e c t  expansion of 





Q, as was done for t h e  p lane  wall. 
be  back-ca lcu la ted  from c e r t a i n  r e s u l t s  o f  t h e  Newtonian a n a l y s i s .  
I n s t e a d  some of t h e s e  components w i l l  
Thus it 
w i l l  be necessary  t o  cons ide r  two Taylor expans ions ,  t h e  first v a l i d  n e a r  t h e  
' c e n t e r l i n e  and t h e  second v a l i d  near t h e  c y l i n d e r  w a l l .  Three or thogonal  
p l anes  of symmetry i n t e r s e c t  a t  S, t h e  c e n t e r  of t h e  c y l i n d e r ,  and consequently 
a l l  t h e  components of VGs 
- 
a r e  zero. Thus t h e  expansion (4.15) r e l a t i v e  t o  S I1 
is  reduced t o  
The equat ion  o f  c o n t i n u i t y  imposes t h e  r e s t r i c t i o n s  
. -  
- 
VV*Q,, -S = 0 , V'V*QII =S t V"V*QII =s t = 0 , 
and t h e  r e c i p r o c i t y  r e l a t i o n  (.4.5) r e q u i r e s  
- - 
=st = V I V I Q I I  'S , VV'QII 'S = V'VQII, =st . vvQI I 
(7.23) 
(7.24) 
An expansion v a l i d  near the  c e n t e r l i n e  is  ob ta ined  by t h e  transforma- 
t i o n  o f  t h e  o r i g i n  i n  (7.22) from S t o  0. 
r e l a t e d  t o  i? and r1 r e s p e c t i v e l y  by 
The r a d i u s  v e c t o r s  r and r' are 
0 0 
(7.25) 
The s u b s t i t u t i o n . o f  (7.25) i n t o  (7.22) r e s u l t s  i n  a series i n  i? and r1 of 
0 0 







Thus t h e  l ead ing  terms i n  t h e  c e n t e r l i n e  expansion are determined by 4' 
VVQ,, and V ' V Q I I  . 
I1 ' - - 
'S ' S  The l ead ing  terms i n  t h e  expansion n e a r  t h e  c y l i n d e r  
w a l l  are deduced from t h e  known values f o r  t h e  p lane  w a l l  s i n c e  t h e  former 
approaches t h e  l a t t e r  as t h e  radius R becomes l a r g e .  
are rep laced  by R-b and -i respec t ive ly ,  and t h e  r e s u l t s  are expressed  as 
t h e  c o e f f i c i e n t s  of a series i n  powers of R - l  then  t h e  wall effect. t e n s o r s  




This  procedure for a r r i v i n g  a t  t h e  l i m i t i n g  forms of t h e  wall-effect t e n s o r s  
is j u s t i f i e d ,  a t  least  i n  p a r t ,  by t h e  a n a l y s i s  of  Brenner and Happel [1958] 
who proved t h a t  (7.28) ho lds  r igo rous ly  f o r  one of t h e  components of k. 
- 
In o r d e r  t o  i d e n t i f y  some of t h e  components i n  (7.26) and (7.27) t h e  
t r a n s l a t i o n  of a sphere  of r a d i u s  a i n  a Newtonian f l u i d  unZer t h e  in f luence  
- 
of a f o r c e  -Fi is considered. 3 
and (7.21) i t s  v e l o c i t y  and cons t r a in t  to rque  can he eva lua ted  r e s p e c t i v e l y  
From (3.91, (3 .10) ,  (5.171, (5.181, (5.19) 
as 
3 a -  a 
(l-k33 K ) i  3 t O(g) , u l - - -  - F - 6Hp a 
0 
a - 2 a  - L = - 8npoa w (-1 U i + O(K) , 2 3 R  1 2  
(7.29) 
(7.30) 
where is a r r i v e d  a t  w i t h  5 = 0 i n  (5.18). From t h e  Brenner-Happel r e s u l t s  
for t h i s  problem it is p o s s i b l e  t o  i d e n t i f y  k 
1 
and w as 33 I 23 
k33 = f(b/R) , w23 = g(b/R) . (7.31) 
33 
L 
The f u n c t i o n  f i s  t a b u l a t e d  i n  Happel and Brenner C196.53 for t h e  whole 
range of i t s  argument. 
e xp an s ion s 
For small values  of t h e  qrgument f and g have t h e  
f(b/R) = 2.10444 - O.6977(b/RI2 t O(b/RI4 , 
g( b/R) = 1.296 b / R  t O(b/R) . 3 
( 7.32a) 
(7.32b) 
For v a l u e s  of b/R near un i ty  both f and g are i n  accord  with (7.28). 





I t  t h e n  follows d i r e c t l y  from (4.201, (7.311, (7.32a) and (7.33) t h a t  





Likewise from (7.27) and (7.34) it follows t h a t  31QI13, is given by 
3 3 0 * = b(a,alQ~133+alalQ~133) t O(b 3 = 0.6977(4 b) +O(b 1 . (7.35) 
. 3  R3 
According t o  t h e i r  d e f i n i t i o n s  (5.19b) w23 and d3i3 can be expressed 
0 0 
i n  terms of a1QII3, and a3Q1113 by 
3R2  0 0 
+ a  Q .(7.36) - - - -  8 (a3Q1113 1 I133 a Q O  
3R2 0 
23 = 8 (a1Q1133- 3 1113) ’ d313 
The component d i s  conveniently e x p r e s s i b l e  as 31 3 
d313 = h(b/R) , 
where t h e  func t ion  h ( x )  h a s  l i m i t i n g  va lues  given by 
‘ ,  , 
(7.37) . 
34 
3 h ( x )  =. 0 . 5 9 8 ~  t O(x as x + 0 , 
as x + l .  (7.38b) 2 (1-X) h(x )  = 9/32 
' The express ion  for small x i s  deduced f r o m  (7.311, (7.321, (7.35) and for  x 
near u n i t y  f r o m  (7.28).  
c o n s t r u c t  a p rov i s iona l  p l o t  f o r  h(x) for  t h e  whole range  of x similar t o  t h e  
one for g ( x )  cons t ruc ted  by Mappcl and Brenner E19651 from similar l i m i t i n g  
With these  l i m i t i n g  va lues  it is p o s s i b l e  t o  
va lues  
, d313 are of i n t e r e s t  t o  t h e  pu re ly  Newtonian 33 ' w23 The components k 
theory  s i n c e  with them it is  poss ib l e  t o  s tudy t h e  motion of  p a r t i c l e s  of complex 
geometry. 
. _  
For i n s t ance ,  i n  an unbounded medium a uniform c i r c u l a r  d i s k  i n  
+ .  
free f a l l  has  no p r e f e r r e d  o r i e n t a t i o n  ( s e e  Happcl and Brenner C19651). 
However, a t  s u f f i c i e n t l y  l o w  Reyno'lds nuinbers a d i s k  f a l l i n g  n e a r  t h e  a x i s  of  
a c y l i n d e r  w i l l  adopt t h e  edgewise o r i e n t a t i o n .  
expla ined  by equat ion  (5.18). 
This phenomenon is r e a d i l y  
L e t  T3 be a u n i t  v e c t o r  d i r e c t e d  a long  t h e  
a x i s  o f  t h e  d i s k ,  and l e t  Tl and T2 be or thogonal  u n i t  v e c t o r s  i n  
i ts  p lane .  The angular  v e l o c i t y  is then  given by an express ion  similar t o  
(7.14) as 
(7.39) 




- -  - -  - - -  
where 5 a i  = - jl*i3 = cos  E , j3*i3 =. jl*il = s i n  5 , and 6 is  t h e  angle  3 1  
dep ic t ed  i n  Figure 2a. From t h e  l i m i t i n g  va lues  of g (7.32b) and h 
(7.38a) i n  t h e  neighborhood of t h e  c e n t e r l i n e  it c'an be seen  t h a t  fo r  a l l  
va lues  of 6 (7.40) p r e d i c t s  r o t a t i o n  which u l t i m a t e l y  p o i n t s  t h e  l e a d i n g  edge 
of t h e  d i s k  toward t h e  c e n t e r l i n e .  In  such an o r i e n t a t i o n  t h e  d i s k  develops 
a s idewise  v e l o c i t y  which carries it toward t h e  c e n t e r l i n e  where i t s  angu la r  
v e l o c i t y  is zero. If t h e  l e a d i n g  edge cont inues  across t h e  c e n t e r l i n e  t h e  
r o t a t i o n  w i l l  be reversed  as w i l l  the s idewise  motion. 
d i sk  w i l l  t r a n s l a t e  edgewise a long  t h e  c y l i n d e r  axis. 
Thus u l t i m a t e l y  t h e  
The experiments of 
- Squ i re s  and Squi res  C19371 i n d i c a t e  t h e  edgewise o r i e n t a t i o n  t o  be stable a t  
Reynolds numbers below about  0.003, whi le  t h e  planewise o r i e n t a t i o n  is stable 
above 0.02. Cox C19651 has  shown t h a t  t h e  f l u i d ' s  i n e r t i a  t ends  t o  s t a b i l i z e  
t h e  planewise 
I 
motion, bu t  h i s  a n a l y s i s  is v a l i d  only  fo r  an  unbounded domain. 
S ince  (7.28) was .der ived  from t h e  p lane  wall r e s u l t s  t h e  d i sk  w i l l  
behave n e a r  t h e  tube  wall i n  t h e  way a l r e a d y  desc r ibed  i n  p a r t  7a. That is, 
it w i l l  t end  u l t i m a t e l y  t o  o r i e n t  itself w i t h . i t s  p l ane  a t  45O t o  t h e  wall., 
and i t s  l e a d i n g  edge d i r e c t e d  ,away from it. Another spe 'c ia l  case of (7.39) 
occurs  when t h e  p l ane  o f  t h e  d i s k  is  i n  t h e  1-3 p lane  of t h e  cy l inde r .  The 
. d i sk  w i l l  then  f a l l  edgewise with an angu la r  v e l o c i t y  about  i ts  own axis  of 
i w F/6npoR2, and with no sideiurise motion, which is t h e  behavior  which 
Brenner and Happel first demonstrated fo r  t h e  sphere.  
2 23 
In t h e  a p p l i c a t i o n  of t h e  above r e s u l t s  it should be borne i n  mind 
For t h a t  t h e i r  range of v a l i d i t y  is confined t o  a / R  less  than  about  0.15. 
i n s t a n c e ,  Auerbach C19663 observed t h e  motion of d i s k s  (0.8 > a/R > 0.2) i n  
a Newtonian f l u i d .  
t h e  r o t a t i o n  of t h e  d i s k s  was cons i s t en t  with the p r e d i c t i o n s  of (7.40). However, 
When r e l e a s e d  near t h e  a x i s  i n  t h e  planewise o r i e n t a t i o n  
36 
i n s t e a d  of f a l l i n g  along t h e  a x i s  edgewise t h e  d i s k s  performed a zig-zag 
motion between t h e  a x i s  and t h e  w a l l .  Auerbach also observed t h a t  when t h e  
d i s k s  were r e l e a s e d  edgewise they  maintained t h e i r  i n i t i a l  o r i e n t a t i o n  which 
’ is i n  accord witli (7.40). 
As before  t h e  only  p a r t i c l e  which can be considered for  non-Newtonian 
f l u i d s  is t h e  sphere.  
i n f l u e n c e  of an o u t s i d e  f o r c e  -Pi3 can be c a l c u l a t e d  from (5.35) and (5.36) 
( t h e  t r a n s i e n t  terms given by (6.5) are n e g l i g i b l e  i n  t h i s  ca se )  
The v e l o c i t i e s  of a sphere  i n  free f a l l  under  t h e  - 
(7.42) 
where t h e  Stokes speed is Uml i.s given by (3.9) as F/6*uoa. 
v e r i f i a b l e  from (7.21) t h a t  t h e r e  can be no o t h e r  components of 
I t  i s  e a s i l y  
o r  zc 
Each of t h e  wall-effect t e n s o r  components i n  (7.41) and (7.42) i s  given above 
by approximate formulae v a l i d  n e a r  t h e  c e n t e r l i n e  and t h e  wall exce?t fo r  
d331 which has  been determined only n e a r  t h e  wall. Hotrever, it is e a s y  t o  
see f r o m  (7.21) t h a t  d331 is  o f  the form 
= c b t O(b/R) 3 9 (7.43) d331 
9 where c is  an undetermined constant  . From (7.38a) and (7.41) it is clear 
t h a t  a c a l c u l a t i o n  of t h i s  constant  must g ive  $ c > 0.598. Otherwise t h e  
a n a l y s i s  given i n  t h i s  paper  w i l l  n o t  exp la in  t h e  observed r a d i a l  migra t ion  
of sphe res  moving through polymer sobut ions ,  
I t  can be shown t h a t  d331 can be c a l c u l a t e d  from a s o l u t i o n  similar t o  t h a t  
of Brenner and Happel 
of t h e  c r o s s  s e c t i o n  shown i n  Figure 3. 
f o r  the  case when t h e  sphere  moves a long  a chord 
37 
In f a l l i n g  sphere  viscometry t h e  t e r m i n a l  v e l o c i t y  is measured by 
t iming  a sphere  ove r  a known v e r t i c a l  d i s t ance .  
i n  accu ra t e  work, measurement must also be made of t h e  r a d i a l  p o s i t i o n s  h 
and b of t h e  sphere  a t  t h e  v e r t i c a l  p o s i t i o n s  s and s2 respec t ive ly .  The 
I t  is clear from (7.41) t h a t ,  
1 
2 1 
vert ical  component 
found from (7.32a) 
of v e l o c i t y  is ds /d t ,  and by i n t e g r a t i o n  of (7.41) it is  
t h a t  
t 
a uil I b2(e)d0.  , s '-s 2 . 1  t -=  Us + 0.6977 -- 
R3 0 
- 
where t is t h e  e l apsed  time, and 
(7.44) 
Us = Um(F) '- 2.1044 K a Uml . (7.45) 
The c e n t e r l i n e  v e l o c i t y ,  Us, i s  t o  O(R'3) t h e  non-Newtonian equ iva len t  of 
Faxen's wall c o r r e c t i o n  formula. 
r a d i a l  v e l o c i t y  db/dt  n e a r  t h e  c e n t e r l i n e  is from (7.27) and (7 .4 i )  of t h e ,  
For a given sphere  i n  a given tube  t h e  
form 
db - - - M b ,  d t  (7.46) 
and hence by i n t e g r a t i o n  h(b,/b,) = M t  . (7.47) 
The cons t an t  M can be deduced from (7.41) and w i l l  con ta in  t h e  unknown 
cons tan t  c of (7.43). 
eva lua ted  as 
With t h e  help of (7.46) t h e  i n t e g r a l  i n  (7.44) can be 
0 
2 2  
b2-bl 
2 &n(b2/bl) ' (7.48) . 
where M has  been e l imina ted  with (7.47). From (7.44) and by expansion of t h e  
38 
I 
logar i thm i n  (7.48) t h e  c e n t e r l i n e  v e l o c i t y  Us 
n 
I b t b  
c 1  - s2-s1 a Us -  - 0.6977 - U (- t R3 4 2 
This  formula is  s u f f i c i e n t l y  accura te  f o r  most 
can be reduced t o  t h e  formula 
( bl-b2 l2 
t . . . e  3 0 (7.49) 1 - b2(b2tbl) 
p r a c t i c a l  purposes s i n c e  terms 
4 3 of O(b i n  (7.44) and O(b i n  (7.46) have been neglec ted .  
Tanner 119641 r e p o r t s  t h a t  r a d i a l  migrat ion i n c r e a s e s  wi th  sphe re  s ize ,  
and t h a t  beyond a c e r t a i n  s ize  he  observed a marked i n c r e a s e  i n  t h e  fall-time 
scatter. These r e s u l t s  are i n  accord wi th  (7.41) and (7.49). 
is  c a l c u l a t e d  from 
The Stokes  speed 
uwl.= 2Apa 2 g/9u0 
¶ (7.50) 
where AP is  t h e  d e n s i t y  and t h e  p a r t i c l e - f l u i d  d e n s i t y  d i f f e r e n c e  and g t h e  
g r a v i t a t i o n a l  a c c e l e r a t i o n .  Hence according t o  (7.41) t h e  r a d i a l  migra t ion  velo-  
c i t y  i n c r e a s e s  as t h e  f i f t h  power of t h e  sphere  r a d i u s ,  and f o r  t h e  l a r g e r  sphe res  
t h e  neg lec t  of t h e  second term i n  (7.49) wi l1 ,man i fe s t  i t se l f  as scatter. Tanner 
also found t h e  Faxen wall co r rec t ion  formula t o  be u n s a t i s f a c t o r y .  
expected from (7.45) s i n c e  f o r  shear  t h inn ing  f l u i d s  U=(F) is  g r e a t e r  t han  Uwl; 
t h u s  t h e  usua l  Faxen formula ove rco r rec t s  f o r  t h e  effect of t h e  walls. 
Th i s  is t o  be 
I n  a d d i t i o n  t o  y i e l d i n g  a formula fo r  t h e  c e n t e r l i n e  v e l o c i t y  t h e  
migra t ion  v e l o c i t y  can be used t o  ob ta in  an estimate of a t a  
p o s i t i o n  measurements. 
and by i n t e g r a t i o n  t h e  change i n  r a d i a l  p o s i t i o n  is  g iven  by 
from r a d i a l  1 2  
Near t h e  wal l  d313 and d331 can be found f r o m  (7.281, 
a t u  81 2 1 2  3 (R-b2) -(R-b1I3 = 61, a Uwl(-)t . 
% 
(7.51) 
. Hence i f  p 
found. 
is known and Uool is  ca l cu la t ed  f m m  (7.50) then  ( a  +a ) can be 
0 1 2  
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r 
No t e rmina l  v e l o c i t y  d a t a  a re  a v a i l a b l e  i n  which r a d i a l  p o s i t i o n s  have 
been measured. 
seven d i f f e r e n t  diameters.  
Turian C19641 measured f a l l  times f o r  sphe res  i n  c y l i n d e r s  of 
If t h e  r a d i a l  p o s i t i o n  c o r r e c t i o n  i s  neglec ted  
t h e s e  d a t a  provide a tes t  of  t h e  c e n t e r l i n e  v e l o c i t y  formula (7.45) which is 
t h e  one dimensional form of (1.1). In terms of t h e  experimental  q u a n t i t i e s  
(7.45) becomes 
2 
2.1044 Ap d3g - 1 ( 1  - L 089 (i) ) , 
D 2.104 D u = u /  1 8  uo (7.52) 
where d and D are r e s p e c t i v e l y  t h e  sphere and c y l i n d e r  diameters .  Included 
i n  t h i s  formula is t h e  next  term i n  Faxen's s e r i e s  which provides  an estimate 
of t h e  neglec ted  h ighe r  o r d e r  terms." 
pa ren thes i s  modifies l / D  by less than one p e r  cent .  
' I  
In  t h e  most extreme case t h e  term i n  
I n  Figure 4 are shown 
t y p i c a l  p l o t s  of  t h e  t e rmina l  ve loc i ty  d a t a  of Turian f o r  a 1.25 p e r  cent  
s o l u t i o n  of hydroxyethyl c e l l u l o s e  (HEC) i n  water at 2OOC. S i m i l a r  d a t a  for 
o t h e r  sphere s i z e s  were also obtained by Turian.  
l i n e s ,  such as those  shown i n  Figure 4 ,  va lues  by UoD and 
f r o m  (7.52). 
From t h e  l ea s t - squa re  f i t t e d  
were c a l c u l a t e d  
0 
Since t h e  e f f e c t  of the  c y l i n d e r  wall i n  (7.52) is of The 
second o rde r , accu ra t e  estimates of p 
from t h e  va lues  i n  Table I. 
cannot be expected, and t h i s  is  ev ident  
arise because 
0 
The l a rge  error estimates i n  p 
0 
of t h e  r e l a t i v e l y  small change i n  te rmina l  v e l o c i t y  over .  t h e  range of  c y l i n d e r  
s i z e s  . 
lo In a f u t u r e  pub l i ca t ion  it w i l l  be shown t h a t  t h e  term of O(D'3) is  indeed 
t h e  next  term i n  Faxen's s e r i e s ,  and t h a t  t h e  non-Newtonian effects are 
O(F D 1. 3 -3 
40 
Sphere diam. cm. Uoo cm/sec 
107+3 0.000764 Ruby 0.06350 0.00608 
0.00132 
Ruby 0.1000 0.0154 129710 0 . 00298 
S t e e l  0.15875 0.108 9677+6.7 - 0 . 0272 
Ruby 0.07620 0.00886 l l l T 2  * 
Ruby 0.15875 0 . 0410 1 0  872 0 . 0119 
mean 110 
Table I 
For a given f l u i d  t h e  s lope  of t h e  l i n e s  i n  Figure 4 depends on 
3 
Apd which is  shown i n  t h e  last  column of  t h e  t a b l e  t o  change by a factor of 
almost 40 for  t h e s e  da ta .  The t e rmina l  v e l o c i t i e s  of a steel  sphe re  of twice 
'I t h e  s i ze  of t h e  one i n  t h e  above t a b l e  d i d  no t  p l o t  as a s t r a i g h t  l i n e .  
Upon a d d i t i o n  of t h e  con t r ibu t ions  i n  (3 .9)  t h e  sphere v e l o c i t y  i n  
an unbounded r eg ion  can be expressed as an  apparent  f l u i d i t y  by 
4 F 
6na 
2 1 X F  6naU- -=---(-I to(----) , 2 -F ' 0  ': 6na 2 (7.532 
where X is a combination of  ma te r i a l  c o n s t a n t s  which can be found f r o m  (3.9).  
6 
The apparent  f l u i d i t y  was ca lcu la ted  from t h e  Urn v a l u e s  i n  Table I ,  and a 
p l o t  of t h i s  q u a n t i t y  a g a i n s t  (F/6*a2I2 is shown i n  Figure 5. 
spheres  appear  t o  f a l l  i n t o  t h e  range i n  which t h e  term O(F/6aa2I4 is  
n e g l i g i b l e  as i n d i c a t e d  by t h e  c lose  agreement of p 
The f o u r  ruby 
e x t r a p o l a t e d  from t h i s  
0 
p l o t  and t h e  mean va lue  obta ined  from t h e  wall .effect .  
t h e  t h r e e  b e s t  va lues  i n  Table I is  109 Poise.  Turian C19641 used an 
In fact  t h e  mean of 
e m p i r i c a l  method t o  o b t a i n  ex t r apo la t ed  va lues  o f  p 
113 Po i se  is shown i n  Figure 5 for  comparison. 
veloci t ies  fo r  o t h e r  polymer s o l u t i o n s  a t  va r ious  concen t r a t ions  and temperatures ,  
and h i s  va lue  of 




and similar t rea tment  of  t h e s e  d a t a  g ives  t h e  same degree of agreement between 
po deduced f r o m  t h e  wall effect and t h a t  found by e x t r a p o l a t i o n  of t h e  
f l u i d i t y  . 
2 The value of F/6na for the  s tee l  b a l l  i s  about f i v e  times t h a t  of 
t h e  largest ruby sphere,  and its apparent v i s c o s i t y  d e v i a t e s  s i g n i f i c a n t l y  
from t h e  l i n e  of  Figure 5 .  This  behavior is  i n  accord with t h e  derdvat ion of 
t h e  wall effect formula (1.1) which remains v a l i d  beyond t h e  
range of t h e  t h i r d  o r d e r  approximation t o  t h e  Rivl in-Ericksen f l u i d  from 
which (7.53) is  der ived.  
The support  of t h i s  work by t h e  Nat ional  Aeronautics and Space 
Adminis t ra t ion under g r a n t s  NsG-705 and NGR-40 is g r a t e f u l l y  acknowledged. 
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Appendix 
Theories of the stress tensor involving memory functionals, usually 
. integrals, can be shown to reduce to the approximations of the type given 
by (2.41, ( 2 . 5 )  and (2 .6 )  by expansion of the strain tensor as a Taylor's 
series in powers of the time lapse. This process yields explicit formulae 
for the Rivlin-Ericksen coefficients in terms of the memory integrals, and 
since it is given elsewhere (see Truesdell 6 No11 C19651) in detail it will 
not be discussed further. 
For theories of the differential type the series (3.1) and (3.2) are . 
substituted into the constitutive equation , and upon, collection of terms of 
the same order it is a matter of algebraic manipulation to show that the 
resulting stress approximations are precisely the ones obtained from the 
Rivlin-Ericksen approximations. 
Oldroyd's C19581 model which can be written a,s 
This procedure will be illustrated for 
- 
The stress f is expanded as 
and when (3.1), (3.2) and (A2) are substituted into (Al), and terms of the 
- 
same order are collected the first two fi are found to be 
43 
- - 
Tl = -ipl t 
- - 
T, = - ip2 t 
where the notation is the same as that used in ( 3 . 4 )  and (3.5). Comparison 
of (A31 and (A41 with the results obtained by the substitution of (3.1) 
and (3.2) into ( 2 . 2 1 ,  (2.4) and ( 2 . 5 )  gives 
- (zero-shear viscosity , Po - no 
Q 1 = so(X2-Al) , al + u2 = n o ( ~ l - t ~ 2 )  . 
. .  - 
When T3 is expressed similarly to (A31 and (A41 it can be shown that 
3 5 B tB = nocPl(A2-xl) + A1(P2-P1)1. ,, 
1 2  
Spriggs L19661 has proposed a generalization of Oldroyd’s model in 
which the stress is constructed from a sum of contributions as 
(A7 1 
where the T satisfy Oldroyd’s equation’ (Al) with material constants 
(n) (n) A1 , A 2  , p:), etc. These material constants are related to six independent 
(n) 2 -a 2 = - 3 1  X n ( l t E l ) ,  v 2 = 5 (1+E2)h2, 
44 
where Z( is t h e  Riemann zeta func t ion  
r 
(A10 1 
The c o n t r i b u t i o n s  ?(n) 
p e r t u r b a t i o n  series (A2). 
'equation is app l i ed  t o  t h e  Spr igg ' s  model t h e  Rivl in-Ericksen c o e f f i c i e n t s  
can be shown t o  be given by 
should not be confused wi th  t h e  terms i n  t h e  
When the  process  c a r r i e d  o u t  above f o r  Qldroyd ' s  
I t  should  be bourne i n  mind t h a t  models such as Oldroyd's and Spr iggs '  may 
g i v e  inadequate  d e s c r i p t i o n s  of the  stress i n  c e r t a i n  flows. Hence 
Rivl in-Ericksen c o e f f i c i e n t s  ca l cu la t ed  from f i t t e d  va lues  of t h e  cons t an t s  
of t h e s e  models may w e l l  be u n r e a l i s t i c .  
GiesekLs proposed a theory ,  equ iva len t  t o  t h a t  of R i v l i n  and Er icksen ,  
which is based on a set  of kinematical  t e n s o r s  E'N' cons t ruc t ed  from 
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can be .expressed d i r e c t l y  i n  -(N) I t  follows from (2 .2) ’and  (A121 t h a t  t h e .  E 
terms of t h e  A =(N) and vice ve r sa .  For h i s  t h i r d  o r d e r  approximation 
Giesekus C19631 writes 
With t h e  use  of t h e  i d e n t i t y  (2 .2)  it fo l lows  from (2 .4 ) , . (2 .5 )  and (2.6)  t h a t  
The i n t e r r e l a t i o n s h i p s  between t h e  above t h e o r i e s  are p a r t i c u l a r l y  u s e f u l  i n  
checking r e s u l t s  of p e r t u r b a t i o n  c a l c u l a t i o n s .  For example, t h e  q u a n t i t y  
- 
i n  (3.9) was obta ined  from Giesekus [1963] i n  which he used h i s  stress “-3 
equa t ion  (A13). 
who used Oldroyd‘s equat ion  and Caswell and Schwarz C19621 who used t h e  
The same problem had p rev ious ly  been so lved  by Leslie C19611 
Riv l in-Er icksen  theory .  
show t h a t  t h e  r e s u l t s  for E-3 
whi le  t h a t  of Caswell and Schwarz is probably i n  error. 
With t h e  i d e n t i t i e s  given above, it is p o s s i b l e  t o  
of Leslie and Giesekus are i n  agreement 
The above mentioned t h e o r i e s  d e s c r i b e .  i s o t r o p i c  f l u i d s .  I n  a 
series of papers  Ericksen ( s e e  Truesde l l  & No11 C19651) has introduced and 
s t u d i e d  a class of a n i s o t r o p i c  f l u i d s .  The behavior  of t h e s e  materials i n  
slow flow has  no t  been worked o u t  i n  d e t a i l ,  bu t  according t o  Denn and 
Metzner [1966] t h e  theory  appears  t o  admit behavior  d i f f e r e n t  from t h a t  
p r e d i c t e d  by t h e  Rivl in-Ericksen theory.  
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Captions for Figures 
Figure 1. Motion of an Ovoid with the Gravity Force Parallel to a Plane. 
. Figure 2. Rotation of a Disk Near a Plane. 
a. Diameter Perpendicular to the Gravity Force. 
b. 
Cartesian Coordinates for the Cylinder. 
Diameter Parallel to the Gravity Force. 
Figure 3.  
The x3-axis is directed out of the page. 
The Effect of Cylinder Size on the Terminal Velocity of Spheres. 
Data of R. M. Turian C19641 for 1.25% HEC in Water. 
Figure 4. 
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